We examine the fast-ion driven Alfvén eigenmodes (AEs) in the frequency range 0-500 kHz during the current ramp-up phase of advanced JET plasma before the main heating starts (the preheating phase). Modelling of AEs using equilibrium reconstruction (EFIT) and the ideal MHD spectral code MISHKA shows that three types of mode commonly found during the preheating phase correspond to: global TAEs found in regions of moderate to high magnetic shear; core localised TAEs found in regions of low magnetic shear; and Alfvén cascades found in regions of zero shear. MHD spectroscopy diagnosis of the time evolution of the plasma current within the central region of the plasma and of the minimum safety factor value based upon the frequency evolution of these unstable AEs is discussed.
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INTRODUCTION
In magnetic nuclear fusion, advanced tokamak regimes are investigated to achieve longer plasma discharges and ultimately to reach steady-state tokamak operation at high fusion performance [1, 2] . Development of advanced regimes has focused on forming internal transport barriers (ITBs). ITBs are regions of high temperature and plasma pressure gradients (up to ∼ 150 keV/m and ∼ 10
6
Pa/m respectively on JET) which, through the improved insulation at the ITB, can enclose regions of plasma with high ion temperatures (up to ∼ 40 keV on JET) and density; such regions have very high fusion performance [1] . The triggering and development of ITBs is dependent on the combination of auxiliary heating and the topology of the equilibrium magnetic field B, which is characterised by the safety factor, q(r) = B · ∇ζ B · ∇θ
(where θ and ζ are the poloidal and toroidal coordinates, R 0 is the major radius at the magnetic axis and r is the minor radius of the torus; B ζ and B θ are the toroidal and poloidal magnetic fields where B θ is generated by the plasma current). The usual way to trigger an ITB is to apply auxiliary plasma heating at the plasma centre before the inductive current has fully penetrated into the plasma and whilst the plasma density is still low. During this phase, the inductive current (I)
usually increases approximately linearly in time; as B θ varies with I we can obtain from (1):
to first order this represents a linear decrease in q(r, t) with time.
Alfvén eigenmodes (AEs) of several kinds are commonly observed in JET experiments during this plasma formation phase. We examine those AEs excited by energetic ions under the experimental conditions found in the preheating phase of an advanced tokamak scenario. The heating used for the creation of an energetic particle population that drives the AEs is ion-cyclotron resonance heating (ICRH) at the power level of a few MW which is often present in JET discharges.
The excitation of AEs is caused by the radial gradient in hot ions [3] . This gradient is steepest somewhere between 40% and 60% of the plasma minor radius and this is therefore the region in which the modes are expected to be localised most of the time.
While looking into frequencies within the shear Alfvén frequency range for discharges with a linear current ramp-up during the preheating phase, one finds that all the modes observed experimentally can be divided into three groups:
• a set of continuous modes, the frequency of which varies with plasma current (very commonly observed as in figure 1 );
• a "staircase" like sequence of modes, the envelope of the frequencies of which varies with plasma current (observed only when the current is induced unusually quickly as in figure 2 );
• and a series of modes sweeping upwards to a TAE-range frequency from the ion-sound continuum (observed only with reversed shear discharges as in figure 3 ).
We consider each of these types and demonstrate that ideal MHD simulation can reproduce the experimentally observed spectral features for all three kinds of mode in terms of the available toroidal Alfvén eigenmodes and Alfvén cascades. We note that additional modes are sometimes observed at higher frequencies; corresponding to modes within the ellipticity induced gap [4] . Such modes are more rare in advanced scenario plasmas and are thus not considered here.
In order to explain the experimentally observed spectral characteristics of different AEs we first identify all the key ingredients of the known AEs (section 2). We find that the resulting characteristics are primarily determined by two key quantities: the value of q(r = 0) and the magnetic shear, s = (r/q)(q/r). We then investigate the way in which each mode behaves in MHD modelling performed for EFIT [5] reconstructions of the relevant experimental equilibria (section 3) and find correspondence to experimental observations.
THE MAIN TYPES OF DISCRETE ALFVÉN EIGENMODES

TOROIDAL ALFVÉN EIGENMODES
At magnetic flux surfaces r = r m where the relation
holds (here n and m are "quantum numbers": the toroidal mode number and the poloidal mode number respectively), a strong coupling occurs in a toroidal plasma between two poloidal harmonics m and m − 1 for which the cylindrical dispersion relation,
is satisfied (see figure 4) . The degenerate state resulting from this coupling gives rise to two shear Alfvén continuum branches, the frequencies of which have been approximately determined as [6] ,
where v A is the Alfvén velocity, R 0 is the major radius and ε = r/R 0 . At frequencies between these two branches no continuum exists; the resulting gap is known as the TAE gap [7] within which toroidal Alfvén eigenmodes (TAEs) exist. The radial width of a poloidal Fourier harmonic due to a TAE perturbation has been determined [8, 9] as,
These relations result in markedly different behaviour for TAEs depending upon the value of the shear, s, and m. Where both s and m are small the width of the mode δ m can easily span the entire plasma radius, giving a form of TAE known as a low-shear global TAE, whereas when s is large the width of a single poloidal harmonic of the TAE will be small. The spacing between rational surfaces corresponding to neighbouring TAE-gaps for a given m can be determined from equation (3) as,
Comparing equations (6) and (7) it is clear that under conditions where ∆ m < 2δ m or equivalently where,
neighbouring poloidal harmonics will overlap. The multiple harmonics coupling to produce these modes are spread out across the plasma giving rise to another form of global TAE; the high-m global TAE. s is usually larger than s c everywhere but the plasma core; as a result non-global TAEs are known as core localised TAEs. Additionally such coupling between modes means that low-shear global TAEs occur where only a single r m is present in the s ∼ O(1) region of the plasma; as a result they are normally only observed for low n. The characteristic perturbations due to each form of TAE can be seen in figure 5 .
The behaviour of the mode frequency and mode structure for each different form of TAE are very different. Whilst core localised TAEs are only affected by conditions at the radius at which they are localised, high-m global TAEs are affected by the conditions across a large range of radii and, where present, by the presence of many other degenerate global TAEs.
High-m global TAEs
High-m global TAEs are well understood theoretically [9] . The large number of harmonics present in such modes means that their combined radial width extends over a wide region. As a result the frequency of the mode cannot be due to coupling at a single r m but must instead vary with the frequency of the entire TAE gap as in equation (5) . As a first order approximation we can assume that this frequency varies with the centre of the gap,
so that we expect a linear increase in frequency with time, matching the pattern seen in figure 1 .
The radial location and width of global TAEs allows for excitation by heating at a variety of radii and results in their observation in almost all discharges of interest. However, the global nature of such modes gives no simple method for the determination of q(r); their utility is therefore limited to the study of the total toroidal plasma current.
Core localised TAEs
The two degenerate branches of core localised TAEs, corresponding to the anti-ballooning and ballooning solutions respectively, are well understood [12, 13] . Here we examine the ballooning solution as this is most easily excited by the creation of fast trapped ions through ICRH. The eigenfrequency of the ballooning solution is close to that of the bottom of the TAE gap given by the minus sign branch of dispersion relation (5) . As each TAE is associated with a given q(r m ), it can be deduced that the temporal variation in frequency due to a change in q(r) over time is small as this change only shifts the mode radially. Thus one would expect [14] to observe in experimental data the existence of modes with an approximately constant frequency even if q(r, t)
evolves significantly over time. In addition the 1/q relationship in equation (5), together with decreasing q, requires that modes observed later in the plasma are of greater frequency. This behaviour would give rise to a staircase pattern such as that seen in figure 2.
The association of localised TAEs with the low shear core of the tokamak makes their observation problematic for a number of reasons. Firstly the radially evanescent nature of the mode means that the magnetic field perturbation detected at pickup coils outside the plasma is small. Secondly the localisation of the gradient in energetic particles at radii greater than 40% is normally outside the low shear region.
Low-shear global TAEs
Unlike the high-m global TAEs which are located away from the plasma core but are almost always present near the plasma edge, the low-shear global TAE is excluded from the high-shear region at the plasma edge but allowed at the plasma core. We would therefore expect their behaviour to be a composite of the frequency change expected for high-m global TAEs and core-localised TAEs. As with high-m global TAEs the mode width is large and the frequency evolution of the eigenmode must be determined by that of the TAE gap; we thus expect their frequency to show variation with time. As with core-localised TAEs the value of q(r m ) with which the eigenmode is associated will be present in the low shear region of the plasma for only a limited time; as a result we expect observed modes to be short lived.
ALFVÉN CASCADES
An Alfvén cascade (AC) [15, 14] is a mode associated with a maximum of the Alfvén continuum caused by a zero-shear region in advanced tokamak scenarios with non-monotonic q(r) profiles [16, 14] . The presence of a maximum in ω A with respect to radius introduces a waveguide for shear Alfvén waves into the plasma located at a frequency just above the tip of the Alfvén continuum with the effect of geodesic acoustic deformation at low frequency taken into account. It has been
shown [14] that the time evolution of the frequency at which waves can be guided is given by ,
Here ∆ω is the shift of the resulting frequency above the tip of the Alfvén continuum and q min is the value of q at s = 0. The result of this relation is that each AC will first exist at,
and will evolve with frequency sweeping upwards with a gradient proportional to m. As the AC approaches the TAE gap it begins to couple with a neighbouring poloidal harmonic and eventually becomes a TAE [17] . The requirement for a rational q min must produce a characteristic pattern of ACs for various n, in particular at integer q min a "grand cascade" with ACs at all possible n will
exist. An example of data containing ACs can be seen in figure 3 .
Both because of their link with zero shear radial locations and because the pattern of possible rational q results in easy identification of mode number from experimental spectra, ACs are particularly useful in diagnosing experimental q(r) profiles for advanced scenario plasmas.
MODELLING ALFVÉN EIGENMODES
EQUILIBRIUM RECONSTRUCTION
In order to study the spectrum of Alfvén eigenmodes which can be supported by a given plasma we must first reconstruct the equilibrium for that plasma configuration. We use the EFIT code to reconstruct a plasma equilibrium in Cartesian coordinates; this is then processed using HELENA
[18] in order to produce an equilibrium in straight field line coordinates. We can then study the spectrum of stable (such as TAE) and unstable modes of the resulting equilibrium using variants of the MISHKA code [11, 19] .
For positive shear plasmas EFIT reconstruction on the basis of external magnetic measurements is satisfactory; however, for reverse shear plasmas magnetic measurements provide insufficient information and motional Stark effect (MSE) data on q(r) inside the plasma is also required. In the low-density pre-heating phase MSE can only provide occasional measurements (because of shine-through of NBI). To use such measurements we assume that the radial gradient of q does not change between the time of interest and the nearest time slice for which MSE data is available. We then make a second assumption that,
over this time period and use the q(95%) determined from external magnetic measurements. Although this second assumption is sometimes invalid, the result of any error is that we use an equilibrium slightly shifted in time. Together these two assumptions allow us to shift the entire q(r) by a constant value such that q(r) → q(r) + δq in order to obtain the required equilibrium at a given time.
PARAMETER SCANS
In order to give a global picture of the AEs present in a plasma for a given n and their variation in time we use MISHKA to make a parameter scan. We take a reconstructed equilibrium from the plasma and scan over the frequencies (expressed as a normalised frequency ω/ω A = ωR 0 /v A (r = 0)) within the TAE gap as determined by (5), thus determining all the modes present. Repeating this process over a parameter scan over the range of q(r = 0) found in the time period of interest during the discharge, one gains a picture of all the modes supported by the equilibrium which may be excited and their evolution in time. The results of such a scan can be seen in figure 6 . Examining the results shown in figure 6 it is clear that the presence of multiple global TAE modes focused at the outer edge of the plasma affects the frequency evolution of modes with their energy localised closer to the centre of the plasma. In reality, with the peak of the hot ion gradient localised at a radius of around 50% of the minor radius, modes which are localised at the edge of the plasma will not be excited and their weak coupling to the core localised TAEs will not be significant. In order to reproduce the experimentally observed pattern of hot-ion driven AEs with MHD codes several techniques were tried including a limit on the number of poloidal harmonics, the introduction of an internal conducting wall, and simulations with a large number of grid points. We determined that the solution giving by far the most robust results was the introduction of an internal conducting wall within the plasma, typically at 85% of the plasma minor radius (see the appendix).
THE EVOLUTION OF EXCITED MODES
In addition to an understanding of all the modes present in the plasma a more accurate understanding of the modes actually excited is required. To gain this understanding we must exclude the presence of those edge localised modes which can couple to excited modes but which cannot themselves be excited. The addition of the conducting wall excludes most of the irrelevant edgelocalised TAEs while its effect on the modes localised away from the edge is small and is discussed in greater detail in the appendix.
For discharges of interest we take an initial estimate of the temporal evolution of q(r = 0) from the EFIT code and use this, together with equations (3) and (5) or equations (10) and (11), to determine a first estimate of the q and ω at which the modes of interest are likely to be found. Using our reconstructed equilibrium we then utilise MISHKA to determine the frequency of the mode in question. To trace the time evolution of the frequency we simply repeatedly shift,
with a small ∆q to simulate equation (2) and again use MISHKA to determine the modes present in the perturbed equilibria and thus the frequency of the mode we are tracking. We have developed codes to automate the process of determining the correct mode from those avaliable on the basis of the shape of the perturbations due to various poloidal harmonics as found by MISHKA.
Tracing eigenmode evolution
To begin tracing the evolution of the mode, the code uses the ideal MHD theory to determine a q(r = 0) and thus an equilibrium in which the required eigenmode (TAE or AC) should exist; to find a mode using the MISHKA code we then require an initial frequency at which to search. The eigenmodes we wish to find are always close to the frequency of the core localised ballooning TAE (in the case of TAEs which must have a significant ballooning component in order to be excited by off-axis low-field side ICRH) or below it (in the case of ACs). As ballooning TAEs exist at frequencies below the centre of the TAE gap the code finds the required mode by incrementally testing at decreasing frequencies around and below the centre of the TAE gap until a mode with the characteristics of the desired mode is found.
To determine whether a given mode is the required mode the code conducts tests based upon the radial structure of the perturbations due to the various poloidal harmonics. For core localised and low-shear global TAEs we require that the mode contains only two harmonics of significant amplitude, that these harmonics have the poloidal eigennumbers predicted by theory and that these harmonics overlap to the degree predicted by theory. For high-m global TAEs we require at least three harmonics of significant amplitude which overlap to the degree prescribed by theory. For Alfvén cascades we require a single harmonic localised at r(q = q min ) with a possibility of one additional harmonic at a similar r appearing as q(r = 0) decreases and the mode approaches the ballooning TAE frequency.
The code then makes a small decrease in q(r) in order to simulate the time evolution (although the same method would be valid should we change a different parameter to simulate evolution under differing conditions). The MISHKA code is then run using this new equilibrium and the frequency of the initial mode as the search frequency; the mode found is then examined to determine if it is the correct one. Here we use the same conditions as when searching for the initial mode but with the additional conditions that the change in mode frequency should not be significantly different from that predicted by theory (for the TAE gap for TAEs and for the mode itself for ACs) and that the location of the mode should not change significantly. If the desired mode is not found then the code searches at other frequencies above and below the initial guess, attempting to find the mode; if no mode is found the code makes an additional decrease to q(r) and tries again. Once the mode is found this search is repeated (using a linear fit from the previous two results to predict the frequency at which to search) until the correct mode can no longer be found. The code then goes back to the initial equilibrium and repeats the entire process with increasing rather than decreasing q(r).
RESULTS
In order to interpret the results from tracing AEs we have mapped the results obtained for the coordinates q(r = 0) and ω/ω A to time and frequency. To map q(r = 0) to time we used a linear fit to the q(r = 0, t) obtained from the EFIT code. For reverse shear modelling where the EFIT results are less reliable we made small alterations to this fit in order that the time at which modelled features appear matches experimental observation of ACs (changing the absolute value of q(r = 0) at the time of interest from 3.19 to 3.06 and the gradient q/t from 0.80 to 0.65). To map ω/ω A to frequency we have used values of R 0 from EFIT, particle density from LIDAR Thompson scattering, and applied magnetic field to obtain B(r = 0); splines were used to map each of these quantities from the times of observation to the times required. By far the most significant error in these mappings is in the density measurements which contain errors of at least 10% (the exact value is difficult to quantify as the measurement involves assumptions about particle energy distribution not always valid during the preheating phase); as a result we can say that the error in the frequencies obtained is at least 5%. However, the experimental measurements resulting in significant error are all taken on timescales much longer than those of the frequency evolution we are studying; as a result we can consider the error here to be systematic and it is not shown in our results.
Toroidal Alfvén Eigenmodes
The results of modelling TAEs present in JET discharges 49600 and 49657 are shown in figures 7 and 8. Studying the structures of the perturbations corresponding to the modes seen here in figure   9 we can identify the continuous modes such as those seen in figure 7 as high-m global TAEs; the reconstructed modes occur within the error of the experimental results and, in the case of the n = 2 mode, over the same period as the experimental modes.
From figure 8 we can observe that reconstruction of core-localised TAEs (as represented by the structure in figure 9 ) reproduces the frequency range observed in "staircase like" modes. Reproduction of the local behaviour resulting in the "staircase" pattern is more difficult; however, this behaviour can be reproduced if we impose the condition that core-localised TAEs are only observed whilst coupled to a global TAE. Whilst modelling such coupling accurately is itself problematic (see appendix) such modes are observed far less frequently than global TAEs in experimental discharges.
Alfvén cascades
From the results of modelling shown in figure 10 it is clear that the experimentally observed modes are well modelled as Alfvén cascades as the experimental clustering of ACs with different mode numbers in time is reproduced with high accuracy. The difference in the envelope of the upper limit of AC frequency between experiment and theory indicates that our assumption of constant current profile shape over the modelling time is likely to be invalid for this discharge. The origin of this problem is likely to be associated with the lower hybrid current drive (LHCD) applied during the preheating phase of this discharge as shown in figure 3 . Whilst inductive current increased and q(r) decreased linearly over most of the plasma radius (including q min ), the positioning of the LHCD away from the plasma core meant that current at the plasma core, and thus q(r ∼ 0), could have remained approximately constant. The frequency of the TAE gap must follow q and thus close to the plasma core would also have remained constant. As ACs evolve in frequency towards the TAE gap they also move towards the plasma core, accordingly the envelope of their frequencies would also remain approximately constant over time. To fully reproduce this behaviour will require further work on the current profile modification resulting from LHCD. Discounting the resulting difference in the evolution of the frequency envelope, the global behaviour of the mode is otherwise exactly as modelled.
The effects of shear
The critical factor in determining whether global TAEs, core-localised TAEs or ACs are observed is the magnetic shear. The q and shear profiles for the discharges modelled here can be seen in figure 11 from which we note the expected relationship between shear and observed mode with the highest shear discharge giving rise to global TAEs, a low shear discharge giving rise to corelocalised TAEs and the reverse shear discharge giving rise to ACs. It is notable that the difference in shear between the discharges exhibiting global TAEs and those exhibiting core-localised TAEs is small: less than 0.1 across the entire plasma.
CONCLUSIONS
Our results show that we can confidently identify all three types of mode commonly observed during the preheating phase of tokamak plasmas as either a TAE or an AC. Additionally, we can confirm that the behaviour of global TAEs and ACs observed in experimental data can be reproduced satisfactorily by ideal MHD modelling. Whilst reproducing the observations of the "staircase-like" is more complex we have demonstrated that as core-localised TAEs couple to high-m global TAEs, thus producing a peak localised in the region of heating, their behaviour can explain these modes.
In addition we note that the equilibrium reconstructions from the EFIT code (with MSE information where necessary) have been sufficiently accurate to reproduce the experimental data with some minor adjustments in the case of reverse shear discharges. We showed that the addition of an internal conducting wall at √ ψ wall = 0.85 provides the most robust reconstruction of the experimentally observed AEs. However, in order to use these reconstructions for reverse shear discharges we have relied upon MSE data from later in the discharge under the assumption that the gradient of the q(r) profile will not have significantly changed. There are many discharges for which this last condition is not fulfilled and in these cases a different method for the reconstruction of q(r) is necessary.
When examining the magnetic topology necessary to trigger an ITB one finds that the formation of ITBs occurs on integer surfaces of q [20]. In order to achieve a good understanding of the physics of ITB formation a knowledge of the existence and the location of this integer surface and the value of s close to this point is necessary. The necessary measurement of q(r, t) can be achieved by using either MSE for high energy neutral beam injection (NBI) or equilibrium reconstruction from external magnetic coils. However, under experimental conditions typical of the early phase of the advanced scenarios the use of both techniques is inhibited; in low density plasmas the NBI required for MSE is difficult to use due to the risk of shine through, and the large surface currents produced by inductive current ramp-up may make equilibrium reconstruction by codes such as EFIT [5] inaccurate. Under such conditions the technique of MHD spectroscopy, determining the plasma equilibrium necessary in order to support the observed MHD modes, can be applied.
The requirement to utilise the considered modes for MHD spectroscopy in advanced tokamak scenarios is that we can gain information on the locations where q(r, t) is an integer. This requirement can be satisfied, at least in part, by all three modes studied. The mode with the most obvious application is the Alfvén cascade where the presence of a "grand cascade" clearly signals the presence of a point where q min is an integer. It has previously been suggested that, where they appear in "staircase-like" patterns, core-localised TAEs could be utilised for MHD spectroscopy through the use of relation (3). Unfortunately, as the structures observed in the "staircase" patterns correspond to the coupling points between core-localised and global TAEs, the relationship between their onset and q may often be more complex; they are also difficult to model due to their dependence on boundary conditions (see appendix). However, useful information can be extracted from the presence of all TAEs due to the link between their approximate frequency and q as shown in equation (9) . In addition to this basic relationship we have shown that the frequency of observed modes is well reproduced by ideal MHD modelling and thus demonstrated the validity of this tool in MHD spectroscopy.
Due to the limited number of AE patterns (only three) detected during the early phase of advanced tokamak discharges, and due to the possibility of identifying such modes unambiguously with existing MHD codes, further development of MHD spectroscopy towards equilibrium reconstruction through AE pattern recognition seems to be viable. 
APPENDIX. THE INTRODUCTION OF ARTIFICIAL BOUNDARY CONDITIONS
It has been observed in equation (7) that the radial spacing between the various harmonics of a TAE is inversely dependent on q. This leads to a concentration of modes at the plasma edge where q → ∞ (see figure 12 ). The effect of this concentration on an ideal MHD simulation can be seen in figure 6 ; here the weak coupling of global TAEs to edge localised modes results in a high level of degeneracy. Thus whilst the frequency change due to this weak coupling is small the presence of a large number of degenerate modes makes tracking the frequency evolution of an individual mode impractical. In addition, as these modes are localised where the width of poloidal harmonics tends to zero, they are difficult to resolve with a practical number of grid points (thus making results as in figure 6 (a) unsafe). After trying a number of techniques we solved this problem through the introduction of an internal conducting wall; this cuts off the non-essential (in terms of frequency variation) edge part of the plasma. As a result we model only the central plasma region within this wall where the fast ion gradient is at its highest.
Where the perturbation and the energy of an individual mode are localised towards the plasma core the absolute frequency of a mode is not significantly changed by coupling to edge localised modes. For a core-localised TAE not involved in coupling even in the absence of an internal wall, the fractional change in frequency on introduction of such a wall at 70% of minor radius is of order 10 −3 . As we would expect the evolution of frequency over time is significantly altered in regions where the mode begins to couple to others. In an experimental plasma where the excitation of modes is by means of ICRH at radii around 30% of the minor radius, edge localised modes are never excited and thus couple only very weakly to the excited modes. Thus our introduction of a conducting wall within the plasma at a radius between the excitation point and the plasma edge is justified.
In choosing the position of this artificial wall we must both allow sufficient radius outside the region of excitation for the observation of global TAEs and cut off at a sufficiently low radius to exclude edge localised modes. To choose a suitable boundary wall for use in simulations we performed a parameter scan over possible positions, tracing modes present as described in section 3.3.1 for each value. Results for several values of √ ψ wall are shown in figure 13 . Based on these results we chose to place our conducting wall at the optimal value of √ ψ wall = 0.85, this gives robust results. This value was then used for the reconstruction of discharge 49657 where the different plasma equilibrium with a lower shear resulted in the observation of core-localised TAEs rather than the global TAEs observed for discharge 49600.
In addition to giving us a preferred location for the wall this study also provided information about the effect of the boundary condition on observed core-localised TAEs. It is clear from the results shown that where core-localised TAEs are observed, these modes will couple with global
TAEs (see figure 14) , a process which has been observed, as in figure 15 . However, the location of the coupling points is highly dependent on the precise frequency of the various modes and thus the boundary conditions chosen; consequently the results shown above for these modes can give only a qualitative picture of the actual modes present. Pulse No: 45848 Log(δB) (T)
